A B-spline method is presented for solving the Troesch problem. The numerical approximations to the solution are calculated and then their behavior is studied and commenced. The chaotic dynamics exhibited by the solutions of Troesch's problem as they were derived by the decomposition method approximation are examined and an approximate critical value for the parameter λ is introduced also in this study. For the parameter value slightly less than λ ≈ 2.2, the solutions begin to show successive bifurcations, nally entering chaotic regimes at higher λ values. The eectiveness and accuracy of the B-spline method is veried for dierent values of the parameter, below its critical value, where the rst bifurcation occurs.
Introduction
We consider the Troesch problem u (x) = λ sinh (λu(x)) , 0 < x < 1
(1) with the boundary conditions u(0) = 0 and u(1) = 1.
(2) It is an unstable two point boundary value problem (BVP) [1, 2] and arises from a system of nonlinear ordinary dierential equations which occur in an investigation of the connement of a plasma column by radiation pressure [3] . Robert and Shipman showed that this equation can be solved for λ < 5 [1] .
Many dierent techniques, such as decomposition method [3] , homotopy perturbation technique [4] , Laplace transform decomposition method [5] , differential transform method [6] , variational iteration method [7] , initial value method [1] , Adomian decomposition method [8] , validating solver for parametric ordinary dierential equations (ODEs) (VSPODE) [9] have been used to solve the Troesch problem. They have also shown that the numerical results do not converge to sufcient accuracy for λ > 1 [3, 4] . References [38] can solve Troesch's problem for the small values of λ.
Troesch's problem can be solved with higher parameters of λ [1013] . For instance, the nite dierence method is used for solving two point BVPs including Troesch's problem for λ = 10 [1012]. They have shown that the true solution to this problem has a very sharp boundary layer near x = 1 [1013] . Only in Ref. [13] , a nite dierence method is used. The others used an invariant imbedding algorithm combined with quasilinearization, an orthonormalizations algorithm combined * corresponding author; e-mail: m.ozer@iku.edu.tr with quasilinearization, and a multiple shooting technique, respectively.
In the present paper we intend to use the B-spline method for solving the problem. This method has been implemented with success in a nonlinear BVP [14] . In this work, third degree B-spline functions have also been successfully implemented to Troesch's problem. The obtained results are numerically compared with corresponding results from other methods given in literature [4] .
In order to understand the chaotic dynamics of the Troesch problem, the decomposition method approximate solutions
and
are used [3] .
We examined the chaotic dynamics exhibited by the solutions. It was found that for certain values of the parameter λ, it undergoes successive bifurcations and shows distinctive chaotic regimes. The observed bifurcation behavior has been found and studied by Roberts and Shipman [15] . They have shown diagrams of continuous and discontinuous solutions. They have also compared their results with the results of Ref. [16] where the continuous and discontinuous solutions exist. In particular for dierent values of λ we can verify the following:
for < λ c , the problem has a unique solution, for > λ c , the problem has several solutions in chaotic region, where the critical value is λ c ≈ 2.2.
The third-degree B-splines
In this section, third-degree B-splines are used to construct numerical solutions to Troesch's problem that is (554) given in Eqs. (1) and (2) . A detailed description of B-spline functions can be found in [17] . The third-degree B-splines are dened as: 
be an approximate solution of Eqs. (1) and (2), where C j are unknown real coecients and B j (x) are third-degree B-spline functions. Let
The approximate solution (6) is substituted in Eqs. (1) and (2) and evaluated at the grid points x 0 , x 1 , . . . , x n . This leads to a nonlinear system of equations of the form
n−1 j=−3
The values of the spline functions at the knots {x i } n i=0
are determined using Table I with substitution in Eqs. (7)(9). Thus a system of n + 3 nonlinear equations in the n + 3 unknowns C 3 , C 2 . . . , C n−1 is obtained. This system may be written in matrix-vector form as follows:
where
. . .
The approximate solution (Eq. (6)) is obtained by solving the nonlinear system using the LevenbergMarquardt optimization method [18] and MATLAB 6.5.
Chaotic behaviour of Troesch's equation approximate solutions
Troesch's and Bratu's problems belong to a class of nonlinear BVPs. In a previous work we have studied the chaotic dynamics of Bratu's equation in detail [19] . As given in literature, we have also found diculties in B-spline method for higher values of λ. In order to understand the dynamics of Troesch's problem, the decomposition method approximate solutions are used for the iterations.
A reccurent form of the approximate solutions of Troesch's problem given in Eqs. (3) and (4) are written as
In a next step, we are creating the graph of u n versus x.
To avoid initial uctuations we performed the averaging over the last 100 values of 2,000 iterations. For this purpose we have used MATHCAD to calculate the bifurcation diagrams ( Figs. 1 and 2 ).
To verify the critical values of λ where bifurcations occur and the onset of chaos, a plot of the calculated Lyapunov exponents versus the parameter is given in Figs. 3  and 4 for the bifurcation diagrams given in Figs. 1 and 2 , Fig. 1 . un plotted versus λ for the rst approximate solution. respectively. For this purpose MATHCAD is used again. Doing so, we took into account that the Lyapunov exponent can be estimated using the formula
In the case of our map, it becomes
For the calculations of the Lyapunov exponents Λ we have used Eqs. (14) and (15) . To avoid initial uctuations we performed the averaging over the last 200 values of 2000 iterations. As clearly seen in the both graphs, the Lyapunov exponents are zero where the parameter λ ≈ 2.2. This signies that these parameters give an orbit which is on the edge of order and disorder where the bifurcation starts. Fig. 3 . un plotted versus λ for the second approximate solution. Fig. 4 . Lyapunov exponents Λ versus λ for the rst approximate solution. Note that Λ becomes zero for the same values of λ, which correspond to bifurcations of the previous graph, while it becomes positive in the chaos regime of the previous graph.
Numerical results
In this section, we illustrate the numerical techniques discussed previously, by applying our method to the Troesch problem for two specic values of λ, which guarantee the existence of two locally unique solutions. In particular, having used λ = 0.5 and 1.0, we have constructed comparison tables (at the end of paper) to indicate the accuracy of our method compared with the exact solution as well as the other methods' solutions. The numerical results are shown in Fig. 5 for n = 21, the number of mesh points. In Tables II and III , we have tabulated the exact solution together with the solutions given by algorithm, variational iteration, Adomian decomposition, and B-spline methods are as exhibited before, in the case of λ = 0.5 and λ = 1.0, respectively. In Tables IV and V, we have calculated the absolute error of each method compared with the exact solution for λ = 0.5 and λ = 1.0, respectively. As one clearly observes, the numerical results using the B-spline method converge to the exact solution with sucient accuracy for small values of the number of mesh points (n = 21). The eect of the number of mesh points, n, is also shown (for the case λ = 0.5). As clearly seen in Table VI , the numerical results do not change so much as the value of n increases. 6. Conclusions In this paper, a B-spline method is developed for the approximate solution of Troesch's problem. The numerical results obtained by using the method described in this study give acceptable results for the parameter λ < 2.2. We can conclude that the numerical results converge to the exact solution with sucient accuracy. We found difculties in B-spline method for higher values of λ (Fig. 6) . So, we examined the dynamics exhibited by the decomposition method approximate solutions of Troesch's problem. It was found that for certain values of the parameter λ (λ c ≈ 2.2), it undergoes successive bifurcations and shows distinctive chaotic regimes. This behaviour was veried by calculation of the corresponding Lyapunov exponents which becomes zero when bifurcations occur and positive when chaos sets on. TABLE IV The absolute errors for algorithm, variational iteration, Adomian decomposition and B-spline method approximations of Troesch's problem for the case λ = 0.5. 
